Abstract. We give an effective estimate for the totally ramified value number of the hyperbolic Gauss maps of complete flat fronts in the hyperbolic threespace. As a corollary, we give the upper bound for the number of exceptional values of them in some topological cases. Moreover, we obtain some new examples for this class.
Preliminaries
In this section, we briefly recall definitions and some basic facts about flat fronts in H 3 . For details, we refer the reader to [GMM] , [KRUY1] , [KRUY2] , [KUY1] and [KUY2] .
Let R 4 1 be the Lorentz-Minkowski 4-space with the Lorentz metric (1.1) (x 0 , x 1 , x 2 , x 3 ), (y 0 , y 1 , y 2 , y 3 ) = −x 0 y 0 + x 1 y 1 + x 2 y 2 + x 3 y 3 .
Then the hyperbolic 3-space is given by
with the induced metric from R 4 1 , which is a simply connected Riemannian 3-manifold with constant sectional curvature −1. We identify R 4 1 with the set of 2 × 2 Hermitian matrices Herm(2)= {X * = X} (X * := t X ) by (1.3) (x 0 , x 1 , x 2 , x 3 ) ←→ x 0 + x 3 x 1 + ix 2 x 1 − ix 2 x 0 − x 3 , where i = √ −1 . With this identification, H 3 is represented as (1.4) H 3 = {aa * | a ∈ SL(2, C)} with the metric
where Y is the cofactor matrix of Y . The complex Lie group P SL(2, C) := SL(2, C)/{±id} acts isometrically on H 3 by (1.5)
where a ∈ P SL(2, C). Let M be an oriented 2-manifold. A smooth map f : M → H 3 is called a front if there exists a Legendrian immersion
into the unit cotangent bundle of H 3 whose projection is f . Identifying T * 1 H 3 with the unit tangent bundle T 1 H 3 , we can write L f = (f, ν), where ν(p) is a unit vector in T f (p) H 3 such that df (p), ν(p) = 0 for each p ∈ M . We call ν a unit normal vector field of the front f . A front may have singular points (i.e., points of rank (df ) < 2). A point which is not singular is said to be regular, where the first fundamental form is positive definite.
The parallel front f t of a front f at distance t is given by f t (p) = Exp f (p) (tν(p)), where "Exp" denotes the exponential map of H 3 . In the model for H 3 as in (1.2), we can write
where ν t is the unit normal vector field of f t . Based on the fact that any parallel surface of a flat surface is also flat at regular points, we define flat fronts as follows: A front f : M → H 3 is called a flat front if, for each p ∈ M , there exists a real number t ∈ R such that the parallel front f t is a flat immersion at p. By definition, {f t } forms a family of flat fronts. We remark that an equivalent definition of flat fronts is that the Gaussian curvature of f vanishes at all regular points. However, there exists a case where this definition is not suitable. For details, see [KUY2, Remark 2.2] .
We assume that f is flat. Then there exists a (unique) complex structure on M and a holomorphic Legendrian immersion
such that f and L f are projections of E f , where M is the universal covering of M . Here, holomorphic Legendrian map means that E −1 f dE f is off-diagonal (see [GMM] , [KUY1] , [KUY2] ). We call E f the holomorphic Legendrian lift of f . The map f and its unit normal vector field ν are
f , e 3 = 1 0 0 −1 .
If we set
the first and second fundamental forms ds 2 = df, df and dh 2 = − df, dν are given by
for holomorphic 1-forms ω and θ on M , with |ω| 2 and |θ| 2 well defined on M itself. We call ω and θ the canonical forms of f . The holomorphic 2-differential Q appearing in the (2, 0)-part of ds 2 is defined on M , and is called the Hopf differential of f . By definition, the umbilic points of f equal the zeros of Q. Defining a meromorphic function on M by The two hyperbolic Gauss maps are defined by (1.13)
, where E f = (E ij ) .
By identifying the ideal boundary S 2 ∞ of H 3 with the Riemann sphere C ∪ {∞}, the geometric meaning of G and G * is given as follows ([KRUY2, Appendix A], [Ro] ): The hyperbolic Gauss maps G and G * send each point p ∈ M to the terminal points G(p) and G * (p) in S 2 ∞ the two oppositely-oriented normal geodesics of H 3 that starting f (p). In particular, G and G * are meromorphic functions on M and parallel fronts have the same hyperbolic Gauss maps. The transformation E f → aE f by a = (a ij ) i,j=1,2 ∈ SL(2, C) induces the rigid motion f → af a * as in (1.5) and the hyperbolic Gauss maps G and G * change by the Möbius transformation:
Here, we remark on the interchangeability of the canonical forms and the hyperbolic Gauss maps. The canonical forms (ω, θ) have the U (1)-ambiguity (ω, θ) → (e is ω, e −is θ) (s ∈ R), which corresponds to
For a second ambiguity, defining the dual
Namely, the operation ♮ interchanges the roles of ω and θ and also G and G * . Kokubu, Umehara and Yamada gave a representation formula of flat fronts in H 3 for a given pair of hyperbolic Gauss maps (G, G * ).
where z 0 ∈ M is a reference point and c ∈ C\{0} is an arbitrary constant. Then
is a nonconstant meromorphic Legendrian curve defined on M in P SL(2, C) whose hyperbolic Gauss maps are G and G * , and the projection f = EE * is single-valued on M . Moreover, f is a front if and only if G and G * have no common branch points. Conversely, any non-totally-umbilic flat front can be constructed this way.
Throughout this paper, we call the condition (1.16) the period condition. The canonical forms ω, θ and the Hopf differential Q of f in Theorem 1.1 are given by
It is clear that there does not exist a flat front in H 3 both of whose hyperbolic Gauss maps are constant. Remark 1.2. Kokubu, Umehara and Yamada obtained another construction of meromorphic Legendrian curves in P SL(2, C). For details, see [KUY1] .
A front f : M → H 3 is said to be complete if there exists a symmetric 2-tensor T such that T = 0 outside a compact set C ⊂ M and ds 2 + T is a complete metric of M . In other words, the set of singular points of f is compact and each divergent path has infinite length. Theorem 1.3 ( [Hu] , [GMM] , [KUY2] ). Let M be an oriented 2-manifold and f : M → H 3 a complete flat front. Then M is biholomorphic to M γ \{p 1 , . . . , p k }, where M γ is a closed Riemann surface of genus γ and p j ∈ M γ (j = 1, . . . , k). Moreover, the Hopf differential Q of f can be extended meromorphically to M γ .
Each puncture point p j (j = 1, · · · , k) is called an end of f . Gálvez, Martínez and Milán studied complete ends of flat surfaces in H 3 . The following fact is essentially proven in [GMM] . Lemma 1.4 ( [GMM] , [KUY2] ). Let p be an end of a complete flat front. The following three conditions are equivalent:
(1) The Hopf differential Q has at most a pole of order 2 at p.
(2) One hyperbolic Gauss map G has at most a pole at p. (3) The other hyperbolic Gauss map G * has at most a pole at p.
If an end of a flat front satisfies one of the three conditions above, it is called a regular end. An end that is not regular is called an irregular end. An end p is said to be embedded if there exists a neighborhood U of p ∈ M γ such that the restriction of the front to U \{p} is an embedding. Lemma 1.5 ( [KUY2] ). The two hyperbolic Gauss maps take the same value at a regular end of a complete flat front, that is,
By the lemma above and investigation of embedded regular ends of complete flat fronts, Kokubu, Umehara and Yamada showed the following global properties of complete flat fronts.
3 be a complete flat front whose ends are all regular. Then
where d is the degree of G considered in a map on M γ (if G has essential singularities, then we define d = ∞) and d * is the degree of G * considered as the same way. Furthermore, equality holds if and only if all ends are embedded.
We remark that this inequality is an analogue of the Osserman inequality for algebraic minimal surfaces in
2. An effective estimate for the totally ramified value number of the hyperbolic Gauss maps
We first recall the definition of the totally ramified value number of a meromorphic function on a Riemann surface.
Definition 2.1 (Nevanlinna [Ne] ). Let M be a Riemann surface and h a meromorphic function on M . We call b ∈ C ∪ {∞} a totally ramified value of h when at all the inverse image points of b, h branches. We regard exceptional values also as totally ramified values. Let {a 1 , . . . , a r0 , b 1 , . . . , b l0 } ∈ C ∪ {∞} be the set of all totally ramified values of h, where a j (j = 1, . . . , r 0 ) are exceptional values. For each a j , set ν j = ∞, and for each b j , define ν j to be the minimum of the multiplicities of h at points h −1 (b j ). Then we have ν j ≥ 2. We call
the totally ramified value number of h.
We next give an effective estimate for the totally ramified value number of the hyperbolic Gauss maps of complete flat fronts in H 3 .
Theorem 2.2. Let f : M γ \{p 1 , . . . , p k } → H 3 be a complete flat front. If the two hyperbolic Gauss maps G and G * are nonconstant and ν G > 2 and ν G * > 2, then we have
Note that the right hand side of the inequality (2.1) is described in terms of only topological data on M = M γ \{p 1 , . . . , p k }, that is, no data of the degrees of the hyperbolic Gauss maps is used.
Proof. If f has an irregular end, then G or G * has an essential singularity there. By the big Picard theorem, we get ν G ≤ 2 or ν G * ≤ 2. Thus we only need to consider the case where all ends are regular. Assume that G is nonconstant and omits r 0 values. Let d be the degree of G considered as a map on M γ and let n 0 be the sum of branching orders at the inverse image of these exceptional values of G. Then we have
Let b 1 , . . . , b l0 be the totally ramified values which are not exceptional values. Let n r be the sum of branching orders at the inverse image of
For each b i , we denote
and then the number of points in the inverse image G −1 (b i ) is less than or equal to d/ν i . Thus we have
Let n G be the total branching order of G on M γ . Then applying the RiemannHurwitz theorem to the meromorphic function G on M γ , we obtain (2.5)
Thus we get (2.6)
Similarly, we get (2.7)
Here we assume that ν G > 2 and ν G * > 2. Then we have
Combining these inequalities and Theorem 1.6, we deduce that (2.9)
As a corollary, we can get the upper bounds for the number of exceptional values of the hyperbolic Gauss maps of complete flat fronts in H 3 in some topological cases. Here, we denote by D G and D G * the number of exceptional values of G and G * , respectively. Corollary 2.3. For complete flat fronts in H 3 , we have the following:
(i) There does not exist a complete flat front with γ = 0, p ≥ 4 and q ≥ 4.
(ii) There does not exist a complete flat front with γ = 1, p ≥ 5 and q ≥ 5.
Proof. When γ = 0, D G > 2 and D G * > 2, from the inequality (2.1), we have
On the other hand, if γ = 0, D G ≥ 4 and D G * ≥ 4, then it holds that
Therefore, if γ = 0, D G ≥ 4 and D G * ≥ 4, then both G and G * are constant, so there does not exist such a front. Hence we obtain (i). In the same way, when γ = 1, D G > 2 and D G * > 2, we have
On the other hand, if γ = 1, D G ≥ 5 and D G * ≥ 5, then we get
Therefore we obtain (ii).
Finally, we consider the Fujimoro-Hoffman-Osserman problem, that is, the problem of finding the common maximal number of the exceptional values of two hyperbolic Gauss maps of complete flat fronts in H 3 . We remark that the common maximal number of the exceptional values of the Gauss maps g 1 and g 2 of nonflat complete minimal surfaces in R 4 is "4", that is, D g1 = D g2 = 4 ( [Fu] , [HO] and [Ka2] Proof. When γ = 0, by the inequality (2.1), we have
Moreover, if D G = 3 and D G * = 3, then we have
Therefore, for this case, we get the following inequality:
Thus we obtain (i). Next we prove (ii). When γ = 1, by (2.9), we get
Moreover, if D G = 4 and D G * = 4, then we have
Therefore, we can get the following equality:
By virtue of Theorem 1.6, all ends are regular and embedded in this case.
Examples of complete flat fronts from the viewpoint of value distribution of the hyperbolic Gauss maps
In the first half of this section, we investigate examples of complete flat fronts in H 3 from the viewpoint of the value distribution of the hyperbolic Gauss maps.
Example 3.1 (Example 4.1 of [KUY2] ). We set M 0 = C ∪ {∞} and consider a pair (G, G * ) of meromorphic functions on M 0 given by G(z) = z and G * (z) = αz, for some constant α ∈ R\{1}. We define M by M = M 0 \{0} for the case where α = 0 and M = M 0 \{0, ∞} for the case where α = 0, respectively. By Theorem 1.1, we can construct a flat front f : M → H 3 whose hyperbolic Gauss maps are G and G * . Indeed we can easily see that M and (G, G * ) satisfy the period condition and these data give a Legendrian immersion E f of f
Moreover, the canonical forms ω and θ and the Hopf differential Q of f is given by
Thus f is complete. For the case where α = 0, the hyperbolic Gauss maps G and G * of f have the same exceptional values 0 and ∞, that is, D G = D G * = 2. For the case where α = 0, G has one exceptional value 0 and G * is constant. Note that f is a horosphere if α = 0.
We remark that horospheres can be characterized by the hyperbolic Gauss maps as follows:
Theorem 3.2 (Proposition 4.2 of [KUY2] ). If one of the two hyperbolic Gauss maps of a complete flat front in H 3 is constant, then it is a horosphere.
We have not found a complete flat front whose two hyperbolic Gauss maps have the common maximal number of exceptional value, for both γ = 0 and γ = 1. However, there exists a complete flat front of genus 0 with (D G , D G * ) = (3, 2).
Example 3.3 (Theorem 4.4 (iii) of [KUY2] ). There exists a complete flat front f : M = C\{0, 1} → H 3 whose hyperbolic Gauss maps are
In particular, D G = 3 and D G * = 2 and all ends are regular and embedded.
In the latter half of this section, we give some new examples of complete flat fronts in H 3 . We first give an example of genus 0 with 4 regular embedded ends and (ν G , ν G * ) = (3, 2).
Proposition 3.4. There exists a complete flat front f : M = C\{0, ±1} → H 3 whose hyperbolic Gauss maps are
In particular, ν G = 3 and ν G * = 2 and all ends are regular and embedded.
Proof. By a straightforward computation, we see that
and it is holomorphic at z = 0 and has poles only at z = ±1, ∞. All of them are simple poles, with residues (1+a)/a, (a−1)/a, −2, respectively. By the condition on a, these residues are real. Thus these data satisfy the period condition. Moreover, we can clearly see that G and G * take the same values at z = 0, ±1, ∞ and have no common branch points. By Theorem 1.1, we can construct a flat front f : M → H 3 whose hyperbolic Gauss maps are (3.3).
On the other hand, the canonical forms ω and θ of f are given by
Furthermore, the Hopf differential of f is given by
Thus Q has poles only at z = 0, ±1, ∞ with
Hence f is complete. All ends of f are regular and embedded because f satisfies equality in the equation in Theorem 1.6. One hyperbolic Gauss map G has three exceptional values 0, 1, ∞. The other hyperbolic Gauss map G * has one exceptional value 0 and two totally ramified values. Therefore, we see that ν G = 1 + 1 + 1 = 3 and ν G * = 1 + (1/2) + (1/2) = 2. Proposition 3.6. There exists a complete flat front f : M = C\{0, 1, −2, −3/2} → H 3 whose hyperbolic Gauss maps are
In particular, ν G = 3 and ν G * = 1 and all ends are regular and embedded.
and this is holomorphic at z = 0 and has poles only at z = 1, −2, −3/2, ∞. All of them are simple poles, with residues 7/5, −2, 18/5, −3, respectively. Thus these data satisfy the period condition. Moreover, we can easily see that G and G * take the same values at z = 0, 1, −2, −3/2, ∞ and have no common branch points. By Theorem 1.1, we can construct a flat front f : M → H 3 whose hyperbolic Gauss maps are as in (3.4).
Furthermore, the Hopf differential of f is given by Q = − 6(z 2 + 6z + 15) (z − 1) 2 (z + 2) 2 (2z + 3) 2 dz 2 .
Thus Q has poles only at z = 1, −2, −3/2 with (ord 1 Q, ord −2 Q, ord −3/2 Q) = (−2, −2, −2).
Hence f is complete. All ends of f are regular and embedded because f satisfies equality in the equation in Theorem 1.6. One hyperbolic Gauss map G has two exceptional values 0, ∞. The other hyperbolic Gauss map G * has two totally ramified values. Therefore, we see that ν G = 2 and ν G * = (1/2) + (1/2) = 1.
Finally, we give an example of a complete flat front in H 3 of genus 1 with 5 regular ends. Let M 1 be the square torus on which the Weierstrass ℘ function satisfies (℘ ′ ) 2 = 4℘(℘ 2 − a 2 ), a = ℘(1/2) .
Proposition 3.7. There exists a complete flat front f : M 1 \{z; ℘(z)(℘(z) 2 + a 2 ) = 0} → H 3 whose hyperbolic Gauss maps are
with 5 regular ends.
Proof. For this data, a computation gives
This implies that these data satisfy the period condition. Moreover, G and G * take the same values on {z; ℘(z)(℘(z) 2 + a 2 ) = 0} and have no common branch points. By Theorem 1.1, we can construct a flat front f : M → H 3 whose hyperbolic Gauss maps are (3.5).
The canonical forms ω, θ and the Hopf differential Q of f are given by
from which the completeness of the ends {z; ℘(z)(℘(z) 2 + a 2 ) = 0} follows. Obviously all ends are regular but not embedded because f does not satisfy equality in the equation in Theorem 1.6. Indeed, we clearly see that d = 2 and d * = 4 and 6 = d + d * > k = 5. 
